ESTIMATES FOR SINGULAR INTEGRALS ON 
HOMOGENEOUS GROUPS 



SHUICHI SATO 



Abstract. We consider singular integral operators and maximal singu- 
lar integral operators with rough kernels on homogeneous groups. We 
prove certain estimates for the operators that imply LP boundedness 
of them by an extrapolation argument under a sharp condition for the 
kernels. Also, we prove some weighted L p inequalities for the operators. 



1. Introduction 

Let R", n > 2, be the n dimensional Euclidean space. We also regard R n as 
a homogeneous group with multiplication given by a polynomial mapping. So, 
we have a dilation family {At}t>o on M" such that each At is an automorphism 
of the group structure, where A t is of the form 

A t x = (t ai x 1 ,t a2 x 2 ,...,t an x n ), x = (xi,...,x n ), 

with some real numbers ai,. . . ,a n satisfying < a\ < a?, < ■ ■ ■ < a n (see 
[28] and Q31 Section 2 of Chapter 1]). We also write 1" = EL In addition 
to the Euclidean structure, H is equipped with a homogeneous nilpotent Lie 
group structure, where Lebesgue measure is a bi-invariant Haar measure, the 
identity is the origin 0, x^ 1 = —x and multiplication xy, x, y £ H, satisfies 

(1) (ux)(vx)= ux+vx, x £ H, u, v £ R; 

(2) A t (xy) = (A t x)(A t y), x,y £ H, t > 0; 

(3) if z — xy, then z k = P k (x,y), where Pi(x,y) = xi+yi and Pk(x,y) = 
x k + Uk + Rk{x,y) for k > 2 with a polynomial Rk(x,y) depending 
only on x 1} . . .,x k -i,yi, . . -,Vk-l- 

We denote by |a;| the Euclidean norm for x £ W 1 . Also, we have a norm 
function r(x) satisfying r(Atx) = tr(x) for t > and x £ R n . We assume the 
following: 

(4) the function r is continuous on R" and smooth in K™ \ {0}; 

(5) r(x + y) < Co(r(x)+r(y)), r(xy) < Co(r(x) + r(y)) for some constant 
C Q >l,r(x- 1 )=r(x); 
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(6) there are positive constants ci, C2, C3, 04, ari, a2, /3i and /?2 such that 



(7) if £ = {a; G l n : r(x) = 1}, then £ = S"" 1 ={i£ R™ : |ac| = 1}. 
Let 7 = ai + • • • + a n . Then, dx = i 7-1 dS dt, that is, 



for an appropriate function / with dS = tudSo, where uj is a strictly posi- 
tive C°° function on S and dS'o is the Lebesgue surface measure on E. For 
appropriate functions /, g on H, the convolution / * g is defined by 



The space H with a left invariant quasi-metric d(x,y) — r(x~ 1 y) can be 
regarded as a space of homogeneous type (see [2| [8j [UJ (HI [HI ESI EH EH] for 
more details). 

The Heisenberg group Hi is an example of a homogeneous group. If we 
define the multiplication 

[x, y, u)(x', y', u') = (x + x', y + y', u + u' + (xy' - yx')/2), 

(x, y, u), (x', y', u') € M 3 , then M 3 with this group law is the Heisenberg group 
Hi; a dilation is defined by A t {x, y, u) — (tx, ty, t 2 u). 

Let f2 be locally integrable in R™ \ {0} and homogeneous of degree with 
respect to the dilation group {A t }, that is, n(A t x) = Q(x) for x ^ 0, t > 0. 
We assume that 



Let K(x) = f2(V)r(x)~ 7 , x' — A r t x \-ix for x ^ 0. For s > 1, let d s denote 
the collection of measurable functions h on R + = {t G R : i > 0} satisfying 



where Z denotes the set of integers. We define H^Hd^ = ||^||l°°(r + )- Note 
that d s C d u if s > u. Also, put for t G (0,1], @ 

/■2R 



where the supremum is taken over all s and R such that \s\ < tR/2 (see 
[HE!]). For 77 > 0, let A 1 ' denote the family of functions h such that 



ciM Q1 < r(x) < c 2 \x\ a2 ifr(x)>l, 
cslxf 1 < r{x) < c 4 \xf 2 if r(x) < 1; 








sup t v u}(h,t) < 00. 
te(o,i] 
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Define a space A] = d s n A" 1 and set \\h\\ A n = \\h\\ ds + \\h\\An for h G A J. Note 
that A^ 1 C Alp if 7? 2 < 7/1, and A£ C A^/if s 2 < si. 
Let 

(1.1) T/(z) = p.v./ * L(x) = p.v. / f(y)L(y- 1 x)dy, 

where £(x) = /i(r(x))X(x), ft. S d%. We consider L 9 (E) spaces and write 

\\ F \\g = (is \F{0)\ q dS(6)) 1/q for F G L«(E) (||^[[oo is defined as usual). Let 
s' = s/ (s— 1) denote the conjugate exponent to s. We shall prove L p estimates 
for Tf with h G A^ s and SI G L S (E), s > 1, as s approaches 1. 

Theorem 1. Let s > 1. Suppose that il G £ S (E) and /i G A^ s /or some 
fixed positive number rj. Then, if 1 < p < oo, 

\\Tf\\ p < c pS (s - lJ-'llftll^linil.H/llp, 

where the constant C p is independent of s, Q and h. 

We denote by LlogZ(E) the Zygmund class of all those functions F on E 
which satisfy 

\F(0)\ log(2 + \F(6)\) dS{0) < oo. 

Let A denote the collection of functions h on R + such that there exist a 
sequence {/ifcjfcLi of functions on R + and a sequence {dfc}^ of non-negative 
real numbers satisfying h = J2kLi a khk, h k G A*^*,"^, sup fe >! \\hk\\ A v<.k+i) < 

l + l/k 

1 and J^kLi k a k < oo. 

Theorem 1 implies the following result. 

Theorem 2. Let Tf be as in (jl.lj) . Suppose that fee A and ft G LlogL(E). 
Then, T is bounded on L p (M. n ) for all p G (1, oo). 

When h = 1 (a constant function), this is due to [35]. See [3] R [H| [TB I H7 | 
ITS] for relevant results and also [2H] for weak (1, 1) boundedness. 

We also consider the maximal singular integral operator 



(1.2) T*f(x)= sup 

N,e>0 



f&y 1 ) L (y) d y 

<r(y)<N 



We shall prove analogs of Theorems 1 and 2 for the operator T*. 

Theorem 3. Let a number s and functions h, Q be as in Theorem 1. Then 
we have 

\\Tj\\ p <c pS (s-i)-^h\\ AnjB ,\\n\\ s \\f\\ p 

for all p G (l,oo), where C p is independent of s, h and Q. 
By Theorem 3 we have the following result. 
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Theorem 4. Suppose that 6 LlogL(H) and ft G A. Let T*/ 6e defined as 
in (|1.2|) &?/ using the functions f2 and ft. Then, T* is bounded on L p (R n ) for 
P € (l,oo), 

This seems to be novel even in the case when ft = 1. If ft = 1, Theorem 
2 can be proved by interpolation between L 2 estimates and weak (1,1) esti- 
mates, both of which are given in [28]. For T* with f2 G LlogL, weak (1, 1) 
boundedness is yet to be proved even in the case ft = 1. 

In this note we shall show that results of Tao [28] can be used to ob- 
tain an analog of a theory of Duoandikoetxea and Rubio de Francia [TU] for 
homogeneous groups which can prove Theorems 1 and 3. In our situation, 
Littlcwood-Paley theory (see Lemma 6 in Section 4) and interpolation argu- 
ments are available as in [10) . although we cannot apply Fourier transform 
estimates as effectively as in [TU] . We shall show that L 2 estimates of Lemma 
1 in Section 3 can be used as a substitute for Fourier transform estimates if 
we apply Cotlar's lemma instead of Plancherel's theorem. Our methods may 
extend to the study of some other interesting operators in harmonic analysis 



Let {Bt}t>o, Bt = t p = exp((logi)P), be a dilation group on R™, where 
P is an n x n real matrix whose eigenvalues have positive real parts. Let N 
be a locally integrable function on K™ \ {0} such that N(B t x) — t~^N{x), 
7 = trace P, for t > and x G E" \ {0}. Let J{x) = h(r(x))N(x) with an 
appropriate norm function r(x) for {B t }t>o- If we define 



using Euclidean convolution, assuming an appropriate cancellation condition 
for J, then we can apply methods of Duoandikoetxea and Rubio de Francia 
[lOj via Fourier transform estimates to prove L p boundedness, p£ (1, oo), of 
S under an LlogL condition on {r{x) = 1} for N and the condition 



for ft with some a > 2. Also, a similar result for maximal singular integrals 
holds (see [HJCI2]). 

We can also prove some weighted norm estimates for T and T*. Let B be 
a subset of H such that 



for some a G H and s > 0. Then we call B a ball in H with center a and 
radius s and write B = B(a,s). Note that \B(a, s)\ = cs 1 with c = |B(Q, 1)|, 
where |5| denotes the Lebesgue measure of a set S. Let A p , 1 < p < oo, 
be the weight class of Muckenhoupt on H defined to be the collection of all 



(see [5], [TO]). 





B = {x E H : r(a~ 1 x) < s} 
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weight functions w on H satisfying 




< oo, 



where the supremum is taken over all balls B in H (see [T] Also, the 

class is defined to be the family of all weight functions w on H satisfying 
the pointwise inequality Mw < Cw almost everywhere, where M denotes the 
Hardy-Littlewood maximal operator 

Mf(x) = sup isr 1 f \f(y)\dy; 

x£B J B 

the supremum is taken over all balls B in H containing x (see [TJ [8] [13]). We 
can prove the following weighted estimates. 

Theorem 5. Let q > 1. Suppose that O G L q {Ti) and h £ AJ? for some r\ > 0. 
Let 1 < p < oo. Then, 

(1) T and T* are bounded on L p (w) if q' < p < oo and w G -A p / q r, 

(2) if 1 < p < q and w £ A-pi i q i, T and T* are bounded on L p (w 1 ^ p ). 

See [9j [29] for the case of rough singular integrals defined by Euclidean 
convolution. 

In Section 2, we shall give some preliminary results from [2 8) for calculation 
on homogeneous groups. A basic L 2 estimates (Lemma 1) will be proved in 
Section 3 by applying methods of [28]. Using the L 2 estimate, we shall prove 
Theorem 1 in Section 4 by means of a process of [101 EH [22] . In Section 5, we 
shall prove Theorem 3 by adapting arguments of |10) for the present situation. 
Theorem 5 will be proved in Section 6 by applying arguments of [S] and using 
results of Sections 3-5. Finally, we shall prove Theorem 2 from Theorem 1 
in Section 7 by an extrapolation argument. Theorem 4 can be proved in the 
same way from Theorem 3. In what follows, even when we consider functions 
that may assume general complex values, we deal with real valued functions 
only to simplify our arguments. The letters C, c will be used to denote positive 
constants which may be different in different occurrences. 

2. Preliminary results 

In this section we recall several results from [28] . Let / : M — > H be smooth. 
Then the Euclidean derivative dtf(t) is defined by 

f(t + e) = f(t)+ ed t f(t) + e 2 0(l) for e G (0, 1] . 

We define the left invariant derivative d^f(t) by 

f{t + e) = f(t)(edtf(t)) + e 2 0(l) for e £ (0, 1]. 

Fix x e H and consider G x : E™ -4 K™ defined by G x (y) = xy. Let 
JG x {y) be the Jacobian matrix of G x at y. Then JG x (y) is a lower tri- 
angular matrix. The components of JG x (y) are polynomials in x,y and each 
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diagonal component is equal to 1 (see (3) in Section 1). We can see that 
d t L f(t) = JG m - 1 (f(t))d t f(t). 
We have the product rule 

(2.1) d t L (f(t)g(t)) = %g{t) + C[g(t)]d t L f(t), 

where C[x] : R™ — > R" is a linear mapping defined by 

x- 1 {ev)x = eC[x]v + e 2 0(l) for e G (0, 1]. 

We note that 

C[x- x ]=C[x]-\ C[A t x](A t v) = A t (C[x)v), 
[ ' ' \C[x]v\ ~ |v| if \x\ < 1. 

Define a polynomial mapping X : 1" — > R™ by 

A 1+e x = x(eX(x)) + e 2 0(l) for e G (0, 1]. 

Then 

(2.3) X(A t x) = A t X{x), r(X(x)) ~ r(x) 
and 

(2.4) #(A a(t) /(t)) = A s[t) d^f{t) + s^M*)" 1 (A s{t) X{f{t))) , 

where s(i) is a strictly positive, smooth function on R + . Also, X is a diffco- 
morphism with Jacobian comparable to 1. 

3. L 2 ESTIMATES 

Let be a C°° function with compact support in B(0, 1) \ £>(0, 1/2) sat- 
isfying J (j) = 1, (f)(x) = (f>(x), <p(x) > for all x G R™, where (f>(x) = ^(x^ 1 ). 
Define 

Afe = Spk-Kp — <5 p fc0, fc g Z, 

where J t< />(x) = t _7 0(A f T 1 x) and p > 2. Note that supp(A fe ) C B(0,p k ) \ 
B(0, p k ~ 1 /2), Afe = At and Afc = (5, where <5 is the delta function. Let 
ipj G C(f (R), j G Z, be such that 

supp(V'j) C {t G R : (P < t < p> +2 }, ipj > 0, 

2^(*) = 1 for MO, 

jez 

|(dM) m Vj(i)l < c ro |i|- m form -0,1,2,..., 

where c m is a constant independent of p (this is possible since p > 2). 
Let 

5,-L(a;) = (log 2)- 1 %(x)) / ^ J (t)5 t K {x)dt/t, 

Jo 

where 

i^o(x) = if(x) XDo (x), flo = {iel":l< r(x) < 2}. 
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Here xe denotes the characteristic function of a set E. Then J2jez SjL = L- 
Furthermore, let 

/>oo 

(3.1) Sj(F,£)(x) = (log 2)- 1 £(r(x)) / 4>j(t)5 t F(x) dt/t, 



where F £ i 1 (R"), supp(F) C D n and I £ d\. Let $ be a non-negative 
smooth function such that / $(ac) da; = 1, $(a; _1 ) = $(ac), supp($) C 5(0, 1). 
Define 

(3-2) = U a (F, £) (/) = ]>>,/* v i > 

where 

Vj(x) = fj(F,£)(x) = Sj(F,£)(x) - $,(x), 
^•(z) = *j(F,^)(i) = ( / S j (F,£)dx)6 pj ^(x), 



and a — {<Jj} is an arbitrary sequence such that o~j = 1 or — 1. We note 
that / Vj{x)dx = 0, SjL = Vj(K n ,h) = Sj(K ,h) and U a {K ,h)(f) = Tf if 
(Tj = 1 for all j. We prove the following L 2 estimates. 

Lemma 1. Suppose that s > 1, F £ L s (Do) and £ £ A 7 ^ s for some fixed 
positive number r\, where we write F £ L s (Dq) if F £ L s (M. n ) and supp(-F) C 
Dq . Let Vj = Vj {F, £) . Then, for j,k S Z we have 

(3.3) ||/ * Vj * A fc || 2 < C(logp)min(l,p-^l^ fc l- c )/ s ')||£|| A , /s , ||F|| S ||/|| 2 

for some positive constants C, e and c independent of p, s, I and F . 

Proof. It suffices to prove Lemma 1 with v in place of Uj , assuming j = on 
the right hand side of (|3.3p . where 

v{x) = {\og2)- 1 £{p j r{x)) ^ j (p j t)S t F(x) dt/t - ( J S 3 (F,£) dx)$(x). 

This can be seen from change of variables and the formulas: 5 t (f * g) = 
(Stf) * (S t g), Sp-iVj = S p - 3 A k = Afc-j. 

If k > 0, then from the cancellation condition for v and the smoothness of 
Afe we have 

(3.4) |^*A fc || 1 <C(logp)min(l,p- efe+T )p|| dl ||F|| 1 

for some e, r > 0, which implies the conclusion by Young's inequality, if the 
constant c is large enough. 
The following result is useful. 

Lemma 2. Suppose that I £ d q , F £ L q (Do) for some q > 1. Put S = 
8 p -jSj(F,£). Then 

\\S\\ q <C(\og P )\\l\\ dq \\F\\ q , 
where the constant C is independent of p and q. 
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Proof. Suppose that q < oo. Since J °° i/)j(p't) dt/t < 2\ogp, Holder's in- 
equality implies 



< (log2)-«(21ogp)^' J J \e(fPr(x))\ q ^t)\S t F(x)\ q dt/tdx 

= (log 2) -« (2 log p) q/q ' J J™ \e{pHr(x))\ q ^ 3 (p j t)\F(x)\ q t^ 1 - q) dt/t dx. 
Let N be a positive integer such that p 2 < 2 N+1 < 2p 2 . Then 
\l{p>tr{x))\ q i> 3 {p>t)t^ 1 - q Ut/t 

N r 2 m+1 p j r(x) 



<J2 f \t{t)\ q (p- j r(x)-H)^ 1 - q Ut/t. 

N »2 m+1 p> r(x) 

< ^ 2 mi{1 - q) I \i{t)\ q dt/t 

n J2 m p3r(x) 



m=0 J2 m pir{x) 

<C(logp)\\£\\ q q , 

where C < 12. Collecting results, we get the conclusion for q < oo. Also, 
we easily see that H^Hoo < CPIIdoJI-^lloo) which implies the conclusion for 
q = oo. □ 



The estimate (|3.4[) can be shown as follows. First, by Lemma 2 with q = 1 
(3-5) \\v*A k \\ 1 <CQogp)\\e\\ dl \\F\\i. 
Suppose that k > 1. Let t = p k ~ x . Then A fc = <5 t Ai. Since J v = 0, 

(3.6) ^*A fe (x)= /<^(A 1 (A t - 1 ( 2 ;- 1 x))-A 1 (A- 1 a ; )))^(zj)d 2 / 



- / +-T 



where 

w(u) = A^^r)- 1 ^) = Ai(Pi(-uy, x), . . . , p„(-ny a)), 

with Y — A t -iy,X = A t -iX (see (3) in Section 1). Note that 

= ((VA 1 )(p 1 (-ixyx),...,p n (-uyx)), 

(aui\(-uy,A-),...,5uP n (-t t y,x))), 

where VAi = (cteiAi, da^Ai, ■ ■ ■ , <9cc„Ai) and (■,•) denotes the Euclidean 
inner product in R". Also, note that 

duPi(-uY,X) = (-Y,V x Pi(-uY,X)), 

where 

V x Pi{x,y) = (dxiPi(x,y), . . . , dx n Pi(x, y)). 
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We may assume that r(Y) < Cp 2 , r(X) < Cp 2 in (|3.6[) by checking the 
support condition. Therefore 



M 



sup \duPi(-uY,X)\ < C\Y\p 
«e[o,i] 

for some M > and hence 

\W\u)\ < C|F|p M |(VA 1 )(( U y)- 1 X)|. 

Note that || VA X |j x < C, l^ 1 ! (a norm for A^ 1 as a linear transformation on 
R ra ) is less than Ct~P and \y\ < Cp 2a on the support of v, with f3 = l//? 1; a = 
1/ai (see (6) of Section 1). Therefore, 

(3.7) Ui^AfcHx <Cp M \\VA 1 \\ 1 / \A^ (y)\\p(y)\ dy 



< c P M t-f } 



\y\W(y)\dy 



< Cp M t-Vp 2 «\\v\\ x < C(logp)p^p 2a+ ^ M \\e\\ dl \\F\\ 1 . 



By (HL5J) and ^7}, we have fl32|) for k > 0. 

We next assume that k < — 1. Since J Aq(x) dx = 0, as in the proof of 
(|3.4[) we have 

||**A fc ||i = ||^-»**A || 1 < Cp- £ l fc l. 

Therefore, separately estimating \\f * S * A fc || 2 and ||/* (/ Sj(F,l))$> * A k \\ 2 , 
it suffices to prove 

(3.8) ||/ * A fe || 2 < CClog^minCl^-^l^l— )/ S ')||^|| A2/s ,|| j p| U || / || 2; 

where 5 = 8 p -j S 3 (F, £) as above. 
By the estimate 

\\S*A k \\ 1 <CQogp)\\tUn 
and the T*T method, to prove (|3.8I) it suffices to show that 



(3.9) 



/ * Afc * S * S * A* 



<c(iogp)V (,!+c)/s 'PII 2 A ,/a'l|F|i: 



Since \\T*T\\ = \\(T*T) n \\ l / n , flU]) follows from 



/*( 



A k * S * S * A f 



<c(iogp) 2 v (fe+c)/s 'lKll 2 " /S 'll^l!: 



for some e, c > 0, where ^A^ * S * S * A/. J denotes the convolution product 

of n factors of A k * S * S * A&. By Young's inequality, this follows from the 
L 1 estimate 

(3.10) (A k *S*S*A k y <C(logp) 



2n e(fc+c)/s' ||/>||2« 



10 SHUICHI SATO 

Note that ^A k * S * S * A/^" = A k *S*S*(^A k * A k * S * s)" *A k . Since 

||A' fc * < C(\ogp)\\e\\ dl \\F\\i and A' k * S(x) = J S y (x)A' k **S(y)dy, where 
S y (x) is the delta function concentrated at y and A' k is either Afc or Afc * A k , 
(|3.10[) follows from 

\\S Wl * S * • • • * 5 Wn * S * A fc || x < C(log p ) v (fe+c)/s ' \\e\\^ /s , \\F\\? 

uniformly for W\, . . . , u>„ £ -B(0, Cp 2 ). To get this, it suffices to prove 

(3.11) | (6 W1 * S * • • • * 5 Wn * S * A fc , 5 ) | < C(log P ) V (fc+c)/s ' ||^||^ /s , ||F||? 

uniformly in wi,..., iy„ € -8(0, Cp 2 ), for all smooth g with compact support 
satisfying \\g\\oo < 1- 

Fix g. Then, the inner product on the left hand side of (|3.11[) is equal to 

(3.12) [[[ A k (x)g(H(y,t)x) f[ (e(U, yi )F(y t )^(t z )) dydtdx, 
JJJ i=1 

where t{tuyi) = £(t i p j r(y i )), tp(ti) = (log2)~ 1 if) j (pH l ), t = (t 1} . . . ,t n ), y = 
(yi, ■ ■ ■ ,y n ) S £>o, dt = (dti/ti) . . . (dt n /t n ), dy = dyi ...dy n and 

n 

H {Vi *) = \\ mA ti yi = wxA tl yi . . . w n A tn y n . 

i=l 

This is valid since 

(S Wl * S * ■ ■ ■ * 5 Wn * S * A fc , g) 

= J S{yi) . . . S{y n )A k {x)g ^fjj 10 *^! x ^ 

= /fl tyMV'rfoOJWl/i)] A ^)5 ffll^y^ ^ dydxdt, 

which will coincide with the integral in (|3.12p after a change of variables. 
Let DH{y 1 t) be the n x n matrix whose ith column vector is d^H(y,t): 

DH(y, t) = H(y, t),..., d^H(y, t)) . 

Then, (|3 . 11 1) follows from the two estimates: 



(3.13) 



A k {x)G 1 {y,t)g{H{y,t)x)\{{^{U)t{U,y l )F{y l )) dydtdx 

8=1 

<C(logp)V (fe+c)/s 'll^ll" ,AF\\ n s 
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(3.14) // / A k (x)G 2 (y,t)g(H(y,t)x)l[^(t l )e(t l ,y l )F(y l )) dydtdx 

l — l 

<c(iog P )V £(fc+c)/s 'pii^/ 3 'ii^iri i 

with 

G 1 (y,t) = ( 1 (p-^ k det(DH(y,t))) : 
G 2 (y,t)^C 2 (p- nek det(DH(y,t))), 

where Ci is a function in C^°(]R) such that < d < 1, supp(d) C [—1,1], 
Ci(t) = 1 for t 6 [—1/2, 1/2], ( 2 — 1 — Ci) and 3, e are small positive numbers. 
Proof of (13T31) . Since ||A fe [[i < C, J ijj{U) dti/U < Clogp and 



\Ffa)l{U,Vi)\'il>(ti)dVidt i /t i <C(logp)\\£\\ s da \\F\\ s s 
(see the proof of Lemma 2), by Holder's inequality, it suffices to show that 
(3.15) f X[o,i](p- kne \det(DH(y,t))\) dy < C p< k+c *> 



D o 

uniformly in t E [1, p 2 ] n and Wl , . . . w n G B(0 7 Cp 2 ). By ([23]) and ((2H) 
c£if(y,i) = ir^Q^X^)),! < * < n- 1, = ^M t „X(y„) 

where Qi = ]!"=«+ 1 w j^tjVj for 1 < i < ra — 1. Fixing y 2 ,. . .,y n and changing 
variables with respect to j/i, we see that the integral in (|3.15p is majorized by 

Ctr f xio,i] {cp- kn H^ |det(J(y,t))|) d yi dy, 

where D a = {x e R™ : |x| < Cp M }, M, C > 0, dy = dy 2 • ■ • *M and 

J(y, t) = ( yi ,dt 2 H(y, t), . . . , (y, t)). 
To see this, it may be convenient to write 

and to note that lAp^QjJ < C (see (|2.2p ). Repeating this argument succes- 
sively for g/2 j • • • j Uni we can see that (|3.15l) follows from 

(3.16) (h.-.tn)^ I X [o,i] {cp- knf -(h. ■ -tn)- 1 \dctY\) dy<Cp< k+c \ 

J Do- 
where Y denotes the n x n matrix whose «th column vector is y^. Write 

Vi = {vh^-iV^- 
Ta prove (|3.16[) . expand detF — YlZi=iVT ^mi, where A m i denotes the 
(m, 1) cofactor of Y , Then, using this and applying a rotation in y\ variable, 
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we see that 



X[o,i] (<v- fcne (t 1 ...t n )- 1 |dety|) dy 



X[o,i] cp-^ih...^)- 1 



1/2 



dy 



< I X[o,i](cp-* ne (*i...< n )- 1 |tf}Ai 1 |) dy 



Let Doi = {yi 6 £ : |yi| < iip fe£ }, ^02 = {yi € A) : > ^iP fe£ }- Then we 
have 



D 



X[o,i] (cp- hne {t 1 ...t n )- 1 \vlA 11 \) dy 



= E / X[o,i] (cp- fe " e (*i dy x 
<=i ■'Ah 

< Ct lf PfF<- n - 1 ') + <V"X[0,1] (<V-* (n - 1)e (*2...*n)" X l A nl) > 



and hence 



X[o,i] (cp-* B£ (f 1 ...t n )- 1 |dety|) 



< C>*V + Cp Mn 



X[o,i] (cp-^-^Cta.-.tn)" 1 !^!) # 



for some 6 > 0. Repeating a procedure similar to this n — 1 times, we reach 
the estimate 



X[o,i] (cp- fcne (t 1 ...^)- 1 |detF|) 



< 



c P V + ^ b /_ X [o,i] (pp-^n 1 ICQ rfy« < <?pV 



for some r > 0. This proves (|3. 16^ . 
Proof of l|03)) . Let 



£(U,yi)= I £(U- Si,yi)(p pe k(si)dsi 

I Si<ti/1 
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where <p u (si) — u V( u ls 0; u > 0, with tp G C°°(R) satisfying supp((/?) C 
(0, 1/8), <p > 0, J 9?(s) ds = 1. Then 



^{U)\£{U,y t )\dU/U < C(logp)||£|| dl , 
^{UMt^y^dU/U < C(logp)||^|| dl! 

Therefore, writing 

£(ti,yi) . ..£(t n ,y n ) -£(ti,yi) . .J(t n ,y n ) 
= (£(t 1 ,y 1 )-£{t 1 ,y 1 ))£(t 2 ,y 2 )...£(t 

Til Vn ) 

+ £{t x ,y x ){£{t 2 ,y 2 ) ~ £(t 2 , y 2 ))£(t 3 , y 3 ) . . . £(t n , y n ) 

H 1" £(t 1 , V 1 ) • • • £(t n -l , Vn-1 ) (£(t n > Vn) ~ £{t n , Vn)) , 

and applying the inequality uj(£,t) < P|| A ^/ s 'i T '/ s , we see that to get (|3.14p it 

suffices to prove a variant of (|3.14[) where each £(ti, yi) is replaced by £(ti, yi) 
for i = 1, 2, . . . , n. To show the estimate, it suffices to prove 



(3.17) 



jj A k (x)G 2 (y,t)g(H(y,t)x)f[(y(U)£(U, yi f) dtdx 

1=1 

< Cp 5 * k p T \\£\\X 



uniformly in y G Dq and w\, . . . , w n G B(0, Cp 2 ) with some r > 0, since the 
quantity on the left hand side of (|3.17p is also bounded by C(logp)"p||2 1 - 
To prove f|3 . 1 T[) we need the following three lemmas. 

Lemma 3. Let f be a continuous function on R" such that 

supp(/) cB(0,d), Jf(x)dx = 0, ||/||i<C 2 . 
Then there exist functions fx-, f2, • • • , f n such that 

n 

f( x ) = ^2,d x Ji{x), 

su V p(fi)cB(0,C[), ||/i[|i<^ for i = 1,2,..., n, 
with some constants C[ and C' 2 ■ 
This is from Lemma 7.1 in 1281. 
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Lemma 4. Let be as in (|3.14p . Then, there exist functions Fj, j = 
1,2,..., n, such that supp(i^) C B(0,Cp k ), < Cp ka for some a > 

and 

n 
3=1 

This follows from Lemma 3. 

Lemma 5. Suppose that det(DH(y,t)x) ^ 0, where DH(y,t)x is defined in 
the same way as DH(y,t) with H(y,t)x in place of H{y,t). Then 

d Xi g(H(y,t)x) = (VtgiHfatW^DHfatW-^iHfaQx))). 

(see Lemma 7.2 of |28j). 

By Lemma 4, p,17j) follows from the estimate 



(3.18) 



J J d Xm F m (x)g(H(y,t)x)a(t)Y\_£(ti,yi)dtdx 



< Cp kde p 



k5e t II o\\n 



for each m, 1 < m < n, where a(t) — Gi{y, t) niLi ^(U)- Applying integra- 
tion by parts and using the L 1 norm estimate for F rn in Lemma 4, to prove 
p. 181) it suffices to show that 



(3.19) 



d Xm g{H{y, t)x)a{t) \{ tfaVi) & 



i=l 



<Cp- 2nk ^p T \\£\\ n dl 



for all x 6 B(0,Cp k ) with a sufficiently small e > 0. By Lemma 5, the 
estimate (|3.19[) follows from 



(3.20) 



(V t g(H(y, t)x), (DH(y, t)^)" 1 (dj^x)) a(t) [] 2(t it Vl ) dt 



< c P - 2nk *p T \\t\\i, 



since 8% m (H(y,t)x) = d% m x (see Section 2). Note that |V t a(*)| < Cp- kne p T 
and | det(DH(y, t)x)\ > Cp kne on the support of a, since 

| det(DH(y, t)x)\ = \ det C[x] det DH(y, t)\ > C\ det DH(y, t) \ , 

where C[x\ denotes the matrix expression for the linear transformation C[x] 
(see (I2.1[) . (I2.2I) - ). Thus, taking into account Cramer's formula, we have 



d,. 



a(t) J] i(U,Vi)(DH(y, i)*)" 1 (ft^x) 



< Cp- 2nke p T Y[ \£(ti, Vi )\ + Cp- nke p T \d t J(t u , y u )\ \[ \£(U, Vl 

i—1 i^u 



SINGULAR INTEGRALS ON HOMOGENEOUS GROUPS 



15 



for some r > 0. Also, note that 




\i(U,yi)\dti/U<C{]ogp)\\£\\ dl 



and 

fP 2 _ 

J \d u £(U,y>)\dU/u < C(\o gP )p- ke \\e\\ dl , 

which follows from 

\dtAU,yi)\ <Cp- ke J \£(U- s % ,y l )\\ V ' pCk {s l )\ds % . 

These estimates along with integration by parts imply (|3.20[) . This completes 
the proof of (|3.14[) and hence that of Lemma 1. □ 



4. Proof of Theorem 1 



We use the following weighted Littlewood-Paley inequalities. 

Lemma 6. Let w 6 A p , 1 < p < oo, and let the functions be as in Section 
3 . Then 




where the constant C p , w is independent of p > 2 . 



Proof. Let K (x) = X^fceJ a k^k{x), where 3 is an arbitrary finite subset of 
Z and {ofc} is an arbitrary sequence such that o~k = 1 or — 1. Let Sf(x) — 
f*K(x). Then 

(1) S is bounded on L 2 with the operator norm bounded by a constant 
independent of p, 3 and {cr/c}; 

(2) \K(x)\ < Cr{x)-^; 

(3) there are positive constants C\ and e such that r(x) > C\r{y) implies 

iKiy^x) - K(x)\ < Cr(y) £ r(a;)~ 7 - e . 
The proof of (|3. 41) applies to show 

IIA^A.IIx <Cmin (l, p~^- k \+^ . 

By this and the Cotlar-Knapp-Stein lemma we get (1). The estimates in (2) 
and (3) can be shown by a straightforward computation. We note that, to 
prove the estimate in (3), it suffices to show that if r(x) > C\r(y) : then 

\5 k <P{y- l x) - 8 k ct>{x)\ < Cr(yYr(xr^ e 
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for each k. By application of dilation, this follows from the case k — 0, which 
can be easily proved. 

Using (1), (2), (3) and applying methods of Chapitre IV] and the proof 
of Theorem III in [6], we have ||5'/||lp( iu ) < C^I/Hl^™) for w G A p , 1 < p < oo, 
with a constant C independent of J, {ufe} and p. From this and the Khintchine 
inequality, (|4.2[) follows. A duality argument and (|4.2p imply (|4. 1|) . □ 

Let 

M^/(a:) = 8u P |/*S J -(|F| > |^|)(a;)| 1 

3 

where Sj(F,£) is as in Section 3 (see ([3T])). Put fi* f = Mpxf ■ Let 9 <E (0, 1). 
We prove the following result along with Theorem 1. 

Lemma 7. Let s > 1, F £ L S (D ) and £ E A!? /s ' for some fixed rj > 0. Then, 
there exist positive constants e, C independent of p and s such that 

||^VII P <c(iogp)(i-p- ee /( 2s '))- 4 /p|K|| A ^||F|| s ||/|| p 

for p> 1 + 9. 

In Lemmas 1 and 7, we can have the same value of e. 

Proof of Lemma 7 '. Let U a — U~(F. t) (see (13.21) 1 and write U a f — V /: fe Uk 1: k 2 f, 
where 

Ukt,kJ = ^2 a i f * Afe i * ^ * Afe 2 +J ' ^ = v i ( F ' ^ ■ 

3 

Fix integers k\.ki- By Lemma 1 and duality we have 

||/ * A fe < C(logp) min(l,p-^l^')P|| A ^||F|| s ||/|| 2 . 

Using this along with Lemma 1, for Vj and z/,-, and noting that ||Afe 2+:) * 
^2+j']]i — Cmin(l) p — e ^ J ~' 7 ' — C ^)i where we may assume that the num- 
ber e is equal to the value of e in Lemmas 1 and 7, ||Afc||i < C, \\vj\\i < 
CQogp)\\£\\ dl \\F\\i,web&ve 

(4.3) ||/ * (Aki+j * Vj) * (A fc2+j * A fe2+/ ) * (i/j/ * A fcl+ j/)|| 2 

< CA 2 min(l,p- 2e d' Cl ^ c )/ ;i ')min(l,p- e (l J - J "l- c ))||/|| 2 , 

where A = (logp)||^|| A ^/ 3 ' \\F\\ S , and also 

(4.4) ||/ * A kl+J * (uj * A fc2+i ) * (A fe2+J v * £y) * A kl+f \\ 2 

< CA 2 mm(l, ( o" 2e(|fc2Kc)/s ')||/|| 2 . 
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By (|4.3[) and (|4.4[) . taking the geometric mean we have 

||/ * Afe 1+j * Uj * A k2+j * Afc 2+J v * Vy * A fcl+J v || 2 
2 

< CA 2 ]J min(l, p- £ (l fe *l- c )/ s ') m in(l, ^ e(b " /hc)/2 )||/||2. 
i=i 

We can obtain a similar estimate for 

11/ * A fe2+i / * * A fel+i / * A fel+j * Vj * A fe2+i || 2 . 
Therefore, by the Cotlar-Knapp-Stein lemma we see that 

2 

(4-5) \\U klM f\\ 2 < CAl[mm(l,p-<^- c y^)\\f\\ 2 

i=l 

uniformly in a. By (|4.5[) we have 

(4.6) \\U a f\\ 2 < \\U kl ,kJh < CA(1 p-^ 2s,) )- 2 \\fh < CAB\\fh, 

where B = (1 - p- 9e ^ 2s ">)- 2 . 

We define a sequence {pj}f by pi = 2 and l/p_/+i = 1/2 + (1 — 9)/(2pj) 
for j > 1. Then, = (1 - a j )/(l + 6), where a = (1 - 0)/2, so is 

decreasingly converges to 1 + 0. For m > 1 we show that 

(4-7) \\U a f\\ Pm <C m AB^\\f\\ pm 

uniformly in ex, for all F and £ satisfying the assumptions of Lemma 7. For 
m = 1, this is a consequence of (|4.6p . Fix m > 1 and assume (|4.7p for this m. 
Then, using it for J7 CT (|-F|, \£\) and applying the Khintchine inequality, we see 
that 

(4-8) ||.g(/)|| Pm <C^ 2 /^|l/llp 
where 

(note that w(\£\,t) < Cw(£,t)). Let v*(f) = snp j \f * \vj\\ and $*(/) = 
supj |/ * $j(|F|, |£|)|, where Vj — Vj(F,£) as above. Note that 

^*(/)<M*(l/l) + $*(l/l)< 9(1/1) + 2$*(|/|), 
^(l/D^COog/jJplUJlFlljM/. 

These estimates and (|4.8|) along with the Hardy-Littlewood maximal theorem 
(see [D E 113) imply 

(4-9) \W*(f)\\ Pm <CAB^\\f\\ Pm . 



LI * 
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Define r m by l/r m — 1/2 = l/(2p m ). Then by (|4.9p and the estimate ||^j||i < 
Cj4 we have the vector valued inequality (see [TH] and also [2lT I22j ) 



(4.10) 



1/2 



E 



5fc| 



1/2 



By the Littlewood-Paley theory (see Lemma 6) and (|4. 10[) we have 



(4.11) 



\\U kl ,kJ\\r m < C 



< CAB 1 '^ 



1/2 



£l/*A fcl+ jl 



< CAB^ Pm \\f\\ r . m . 

Interpolating between (|4.5p and (|4.11[) . since l/p m+ i = (1 — 9)/r m + 9/2, we 
see that 

2 

(4.12) ||C/ fel>2 /|| Pm+1 < aAS^/P-. JJndnfi^-fl'dfc.l-cJ/CaO)!)/!)^. 

i=l 

Thus 



< CAB 2/ Pm+1||/||pm+i 



9e/(2s'))-2 



This proves (|4.7p for all m by induction. For any p S (1 + 9, 2] there exists 
a positive integer j such that Pj+i < p < Pj. So, interpolating between the 
estimates (|4.7I) with m — j and m = j + 1, we have 



(4.13) 



II^/IIp < CAB 2 /?\\f\\ p . 



Let 5 (/) be as in (|C5)| . The estimate (gH implies ||g(/)|| p < CAB 2 /p||/|| p 
for p e (1 + 0,2], from which Lemma 7 for p G (1 + 9, 2] follows, since /x* (/) < 
#(/) + ^*(/)- F° r P > 2 Lemma 7 follows from interpolation between the 
estimate for p = 2 of Lemma 7 and the estimate 



||A**(/)l|oo<C(Iogp)||^|| <ll ||J'|| 1 ||/[[ 00 . 
This completes the proof of Lemma 7. 

Theorem 1 is an immediate consequence of the following result. 



□ 
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Lemma 8. Let the functions h, f2 be as in Theorem 1 and put 5(p) = \l/p — 
l/p'\. Suppose that p G (1 + 0, (1 + 6)/6). Let A = (logp)||/i|| A „/„/ ||fi|| s and 
let B be as above: B = (1 - p -^/(2 s '))-2. Then 

\\Tf\\ p <CAB 1+s ^\\f\\ p , 
where the constant C is independent of s > 1, Q, h and p > 2. 

Proof. Since Tf = U a *(Ko,h)(f), where u* = {a } } with Oj- = 1 for all j, by 
P~T5j) we have 

||T/|| p <C7LB 2 /p||/|| p for pe (1 + 0,2]. 

Now, a duality argument using a estimate similar to this one for T*f = 
U a , (K , h)(f) will imply the conclusion for all p€ (1 + 6,(1 + 0)/6). □ 

Proof of Theorem 1. Take p = 2 s in Lemma 8. Then 

||T/|| p <C S '(l-2- ee / 2 )- 2 ( 1 +^»||/ l || A , /s ,||fi||s||/|| P 

forpe (l + 6», (l + 9)/0) and s > 1. Since (1 + 0, (l + 0)/0) -> (l,oo) as -> 0, 
Theorem 1 follows from this estimate. □ 



5. Proof of Theorem 3 

We need the following result to prove Theorem 3. 

Lemma 9. Let h, f2 be as in Theorem 3. Let 9 G (0, 1) and A = (log p) ||f2| 
We define 



R(f)(x) = sup 

fcez 



Y i f*S s L(x 

j=k 

where S L is as in Section 3. Let I e = (2(1 + 0)/(0 2 - 9 + 2), (1 + 0)/0). T/ien, 
/or p G Ie we have 

\\R(f)\\ P < CA ((1 - p-w/.'j-ad+tfW) + (1 _ p - M /.')-Vp-x-fl) n/^ 
with some S > 0, where C is independent of s > 1, h G A!?^ , fl G L s (£) and 



Proof. Let ip k = 



m>k+2 ■ 



b. Using the decomposition 



fc-l 



Y,f*SjL = T(f)*<p k 
we have 



E / * SjL J * ip k + ( E f * ^ J * - V*)) 



. j = -oo 



(5.1) #(/) <sup|T(/)*^ fe |+sup 



E / * s o L * 



j'=o 
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where Nj(f) = sup fe \(f * Sj+kL) * (S — fk)\- Lemma 8 and the Hardy-Littlewood 
maximal theorem imply that 



(5.2) 



sup|T(/)*<^| 

k 



< C\\M(Tf)\\ p < CA(1 - p -W))-W+'W)\\f\\ p 



for p E (1 + 6,(1 + 6)/6). Also, Lemma 7 and the Hardy-Littlewood maximal 
theorem imply that 

(5.3) \\Nj(f)\\ u <CA(l-p- 6 ^^'Y i/u \\f\\u for u> 1 + 6. 
On the other hand, 

v 1/2 

(5.4) Nj(f) < I > '\f*S J+k L*(5-^k)\ 2 ) ■ 



Nj(f) < (^2\f*S 3+k L*(S 



Let 



V a f = / Jffc/ * Sj+kL * (S - ifk), 



where a — {c/c}, (Jk — 1 or — 1. We prove 

(5.5) HK/Ha < CA(l-p- 6 / s ')- 3 min(l,p- s U- c V s ')\\f\\ 2 

for some 5, c > 0, uniformly in a. Estimates (|5.4j) and (|5.5|) with Khintchine's 
inequality imply 

(5.6) ||^(/)|| 2 < CA(1 - p-^-^^minCl,^- 5 "--)/^)!!/!^. 

To prove l|5.5p . we apply an argument similar to the one used to prove (|4.5[) . 
We prove the estimates 

(5.7) ||/ * Sj+kL * (8 - ifk) *(5-<p k >)* Sj+k>L\\2 

< CA 2 (1 - p- s ^')- 2 mm(l,p- s ^- c ^ s ')mm(l,p- s( -\ k - k '\- c ^ s ')\\f\\ 2 , 

(5.8) ||/ * (6 - ifk') * S J+ k'L * S-j+kL * (S - (pk)h 

< CA 2 (1 - p- S/s 'y 4 min(l, p -W-k'\-c)/s'j p - s (J- c )/ s ' )\\f\\ 2 . 

for some 8, c > 0, where Sj+k'L = Sj+k>(K ,h). By the Cotlar-Knapp-Stein 
lemma, the estimates (|5.7p and (|5.8|l imply (|5.5p . 

To prove (|5.7|) . note that 8 — pk = J2 m <k+i Therefore, 

(5.9) ||/ * S j+k L * (S - ip k ) *(8-<p k ,)* S j+k >L\\ 2 

< ^2 \\f * Sj+kL* A m * Am' * Sj+k'L\\2. 

m<-k-\-l ,m' <k' + 1 
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By Lemma 1 we see that 

(5.10) |l/ * {S j+k L * A m ) * (A m , * S j+k ,L)\\ 2 

< CA 2 mm{l,p- e ^ +k - rnl - c)/s ')mm{l,p- e ^ +k '- m '^ c)/s ')\\f\\ 2 . 
Also, we have 

(5.11) ||/ * S j+k L * (A m * A m ,) * S j+k ,L\\ 2 

< CA 2 min(l,p- e (l m - m 'l- c ))||/|| 2 . 

The estimates (15.101) and (|5.11|) imply 

(5.12) ||/ * S j+k L * A m * A m , * S j+k ,L\\ 2 

< CA 2 min(l, l-c)/(2 S ')) min ( li p - 6 (|j+fc'-m'|-c)/(2«')) 

xmin(l,p^(l"'l- c )/ 2 )||/|| 2 . 

By (5!) and (j5T2"|) we have ([5T7)) . 
Similarly, 

(5.13) ||/ * (S - 95^0 * Sj+fe/Z * S j+k L *(S- cp k )\\ 2 

< II/* * Sj+k'L* Sj+kL* A m || 2 

m<fc+l,?7i'<fc'+l 

< ||/ * A ro > * -gj+fc'L * Ai * Aj> * Sj +k L * A m || 2 . 

m<k+l,m'<k'+l l,V 

(See [28, p. 1555] for the idea of interposing Ag * A& in the convolution 
product.) By Lemma 1 we have 

(5.14) ||/ * (A m , * S J+k ,L) * (A t * A//) * (Sj+fcL * A ro )|| 2 

< CA 2 mm(l,p- t ^ +k '- rn ' l - c)/s ')mm(l,p~' i ^ +k - ml - c)/s ') 

xmin(l,p- £ (l^'l- c ))||/|| 2 . 

Also, 

(5.15) ||/ * A m , * (S'j+fc'L * At) * (A t/ * S j+k L) * A m |[ 2 

< C , ^ 2 min(l,p- e (l J+fc '-^- c )/ ;i ')min(l, j o- e ^' +fc - r l~ c ^ s ')||/|| 2 . 
By (15341 and (I5TT51) . 

(5.16) \\f*A m ,*S J+k ,L*A e *A t 

* Sj+kL * A m || 2 

< CA 2 mill(l, p-^b'+fe'— '|-c)/(2 S ')) min (l ; /0 -e(| J -+fe-m|-c)/(2 s ')) 

Xmin(l, p -<K^'|-c)/2 ) min(lj p - e (|i+fc'-i|-c)/(2.')) min (l,p-<bW|-c)/(2a') ) || / || 2 . 
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Summation with respect to £, I 1 in (|5.16|) implies 
(5.17) ||/ * A m , * S ]+k ,L * S j+k L * A m || 2 



< CA 2 (l-p 



-6/s'\-2 



min(l, p 



— <5(|fc— fc'|— c)/s' 



X min(l, p 



-e(\j+k' — m' — c)/(2s') \ 



min(l, p 



-e(\j+k-m\— c)/(2s') 



for some S,c> 0. By (f5TT3]> and (f57T7|) we obtain ([BT5]) . 

For p £ I e we can find u € {1 + 6, 2(1+6)/ 9) such that l/p= (l-6)/u+6/2, 
so an interpolation between (|5.3p and (|5 .€>[) implies that 



(5.18) ||jy,-(/)||p < CL4(1 _p-e«/"')-4(i-e)/ u -3e min ( 1)p -e«(j- c )/«' 



for some S, c > 0. 

Also, we need the following result. 



Lemma 10. There exist positive constants C, C\ independent of p such that 

fc-i 

' < C(logp)[[ft|| dl ||lfo[[^- (k+lh X[o > c I ](p- fc - :l r( ! r)). 



. j = -oo 



Proof. Since J S^L = 0, for j < k — 1 we have 

SjL * ^(z) = p-( k+1 ^ [ (<f>(A p -H-iy- 1 A p ->-ix) - 4>(A p -^x)) S 3 L(y) dy. 



Also, since supp(SjL) C {r(x) < 2pi +2 } and supp(ifk) C {r(a^) < p fc+1 }, it 
follows that supp(S*jL * ip k ) C {r(x) < Cip fc+1 }. Therefore 



\S j L*<p k (x)\<Cp-W» X [o,c 1 ](p- k - 1 r(x)) J lA^-.yWSjmidy 

KCp-^+^xio^i^^V^))^^-^ 2 )^^^^^!!^!!^!! 

Thus summing over j < k — 1, we get the conclusion. 
By Lemma 10 



□ 



(5.19) 



sup 

k 



k-l 



f * X ^ * ^ k 



<C(logp)|W| dl ||if ||iM/. 



So, to estimate the maximal function on the left hand side of (|5.19[) , we can 
use the Hardy-Littlewood maximal theorem. 

By (|5T|), (pT2]l . (|5~18| and (|5\l9]l . for p € I we have 



W)|| P <CA 



'5/s'\-2(l+5(p)) 



+ (l_ p -ca/ 5 ) 



05/s'\-4(l-0)/ti-30-l 



for some (5 > 0. This implies the conclusion of Lemma 9, since 4(1 — 6)/u + 
W +1 = A/p+1 + 6. □ 
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Proof of Theorems. Note that T*(/) < 2R(f) + CM Ko ,h(\f\)- Therefore, 
Lemma 7 and Lemma 9 imply that 

||T*(/)|| p <C(logp) (l-p-^')" 6 ||/i|| A ^|l«l| s |l/ll P 

for p £ Ig with some 5 > 0. Using this with p = 2 s and noting that Ig — > 
(1, oo) as — ?> 0, we can get the conclusion of Theorem 3. □ 

6. Proof of Theorem 5 

Let Mp,t be as in Section 4. We prove Theorem 5 along with the following 
result. 

Proposition 1. Let F £ L q (Do) and f € for some q > 1 and rj > 0. Let 

1 < p < oo. Then, we have the following: 

(1) if V < P < 00 ffl ^ ^ £ A-p/q' > the operator Mp,e is bounded on L p (w); 

(2) ifte operator Mf,i is bounded on L p (w 1 ^ p ) if 1 < p < q and w £ 

•A-p' I q' • 

We use results of Sections 3, 4 and 5 with p = 2. We also write — 
|| w . First, we prove results of Theorem 5 for T. 

Proof of Proposition 1(1). Since ||S,-(|.F|, |*|)||, < C2~^' \\£\\ dq \\F\\ q , by the 
proof of Lemma 2, and supp^ (|F|, |£|)) C {2^ < r(x) < 2^ +3 }, Holder's 
inequality implies that 

M FA {f) < C\\F\\ q \\£\\ dq M q ,f, 
( ' \ 1/q ' 

where M q i f — I M (\f\ q ) j . From this and the Hardy-Littlewood maximal 
theorem it follows that 

\\M F>i (f)\\ p , w < C||F|| ? ||^|| d<i \\M q ,f\\ pw < C p , w \\f\\ p , w 

if q' < p and w £ A p / q i . 

Next, we handle the case p = q' > 1. Let w £ A\. If s > q', then 
w £ A\ C A s j q i and hence what we have already proved implies 

(6.1) \\M F>i (f)\\ s>w <C SiW \\f\\ SiW . 

If 1 < r < q' , then by Lemma 7 

(6-2) ||M F ,,(/)|| r <C r ||/|| r . 

Interpolating with change of measure between (|6.2j) and ()6.1j) with w replaced 
by w 1+T for sufficiently small r > 0, we get 

\\M Ft i(f)\\ q , )W < C q ,, w \\fh',w 
This proves Proposition 1 (1). □ 
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Remark 1. If q' < p in Proposition 1(1), then the assumption £ 6 A 1 ' is not 
needed. Also, we can replace the assumption for £ of Proposition 1 with the 
condition that there exists £* G d q , q > 1, such that |^| < and £* € A'' for 
some rj > 0, keeping the conclusion unchanged, since Mp^(f) < Mp,e*(\f\)- 
In particular, if £ £ doo, we can take a constant function as £*. 

Lemma 11. Let Bjf(x) = f*Vj{x), where Vj — Uj(F,£), F S L x {Dq), £ € di 
(see (|3 ,2[) ) . Consider the inequality 



(6.3) 



1/2 



E to/* 



. j = -oo 



< a 



1/2 



E i/i 



(1) Suppose that F and £ are as in Proposition 1. Let <5 £ (0, 1). If (|6.3|) 
ZioZds /or some p 6 (1, oo) and w € i/ien ?7 CT = U a (F, £) is bounded 
on L p (w 1_<5 ) uniformly in a (see (|3.2jl ). 

(2) If Mpj is bounded on L p (w) for some 1 < p < 2 and w G i/Lp 7 then 
(|6.3|) ZioWs wit/i £/iese p and w. 



Proof. As in Section 4, we decompose [/^ of (1) as U a f — J^ fci k2 Uk lt k 2 f- By 
(16.31) and Lemma 6 we have 



(6.4) 



1/2 



\U ku kJ\\p, w < C l^2\f * A kl+j * . 



< C 



1/2 



Ei/* A ^ 



+3 I 



— C||/llp,iu- 

On the other hand, by the proof of Lemma 7 (see (|4.12p ) and duality we have 
(6-5) \\U klM f\\ p <C2-^+^\\f\\ p 

for some e > 0. Interpolating with change of measure between (|6.5I) and (|6.4p . 
we see that 

||^fc 1 ,fa/||p,™i-«<C2- 5e ^l+l*»l)[[/[[ P)to i-, 
for all <5 £ (0, 1). This implies that 

||Co-/||p,u> 1 -« < E H^ fc 1 ,fc 2 /IU™ 1 -' 5 < Cll/llp,^ 1 - 5 , 

fel ,/C2 



which proves part (1). 
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Suppose that Mf,i is bounded on LPiyS) for 1 < p < 2. Then 



(6.6) 



Also, we have 



Vp 



E 



< C 



p,w 



1/p 



p,w 



(6.7) 


sup IMi^/j 


< c 


su Pl/jl 




3 




j 



p,w 



Interpolating between (|6.6[) and (|6.7I 

1/2 

El M ^/: 



< C 



p , W 



1/2 



Ei/, 



p,w 



Now, f|6 . 3|) follows from this estimate and a vector valued inequality for the 
Hardy-Littlewood maximal operator (see [131 pp. 265-267], 20 ). This proves 
part (2). □ 



Let q > 2. If q 1 < p < 2, p > 1, by Proposition 1 (1) and Lemma 11, U a is 
bounded on ^{w 1 ' 5 ) for «; e A p i q i, where U a = U a (F, i) and F, £ satisfy the 
assumptions of Proposition 1. Replacing w by w 1+T for sufficiently small r > 
and taking 5 suitably, we see that U a is bounded on L p (w). This boundedness 
also holds for p £ (2, oo) by the extrapolation theorem of Rubio de Francia 
[19] . If 1 < p < q, w G j q ' , then this implies that U a is bounded on L p (w). 
Obviously, this is also valid for U* = U a (F,£). Therefore, by duality we can 
see that U a is bounded on L p (w 1 ~ p ). Let fl, h be as in Theorem 5. By taking 
F = Kq, I = h, dj = 1 for all j in the definition of Ua-, now we can see that 
Theorem 5 holds for T when q > 2. 

Also, from a result of previous paragraph it follows that if q > 2, 1 < 
p < q, w £ Ap'/g' and -F, £ are as in Proposition 1, then Mp-^ is bounded 
on L p (w 1 ~ p ), since Mpjf < g(f) + CM] by the proof of Lemma 7 and 
the boundedness of g follows from the uniform boundedness in a of U„ = 
U a QF\, \£\), where 

<?(/)= |ei/*^-(IHI £ I)I 2 

Here we recall that w(|^|,i) < u(£,t). This proves Proposition 1 (2) for q>2. 
It remains to prove Theorem 5 (for T) and Proposition 1 (2) when 1 < q < 

2. 
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Lemma 12. Let 1 < q < 2, 2 < p < oo. Let F e L q (D Q ), i £ d q . Lf 
bounded on L( p / 2 )'(u; _ ( p / 2_1 ) X ) and to e .A p , £/ien 



1/2 



E 









f E i/^i 2 ) 




\j=-oo y 



where Bj is defined as in Lemma 11 by the functions F , I. 

Proof. It suffices to prove the conclusion for Bj in place of Bj, where B'jf = 
f * Sj(F,£), on account of a vector valued inequality for the Hardy-Littlewood 
maximal operator. Take a non-negative function u in L<-p/ 2 y(w) with norm 1 

such that 



(6.8) 



1/2 



E m 



J y£\B' 3 fAu{x)w{x)dx. 



p,w 



We see that 

(6.9) ^/(^i^qi^jiFii^i/p^^iFi 2 -^,!^))^). 

This can be proved as follows. First, the Schwarz inequality implies that 
\S 3 (FJ)(x)\ 2 

<C il} j {t)\£{r(x))5 t F{x)\ q dt/t ^ j {t)\l{r{x))8 t F{x)\ 2 - q dt/t 



Therefore, using 

^(t)\£(r(x))S t F(x)\ q dt/tdx < C2^-^\\£f dq \\F\\l, 
again by the Schwarz inequality, we have 
\f*S j (F,t)(x)\ 2 

<C2^-^\\£\\l\\Fr q J jT ) Um{y)\ 2 W(v- X ^tF{y- x x)\^dt/tdy. 
This implies (|6 .9[) . Therefore, the integral in (|6.8[) is majorized by 

(6.10) 



C\n q dq \\F\\l J (EI/^)| 2 ) M^ ? - qM? - q {uw){y)dy. 



By Holder's inequality, the integral in (|6.10p is bounded by 



1/2 



El/, 



M^ 2 -„ tW2 - ll (uw)(y) 



(P/2)' 



-(2/p)(p/2)' 



(y) dy 



V(p/2)' 
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Since —(2/p)(p/2)' = — (p/2 — 1) \ from the boundedness of M,p, 2 - q \m-q 
the last integral is majorized, up to a constant factor, by 

J \u{y)w{y)\^' w-W*W( y)dy = \\u\\W% tW = 1. 

Collecting results, we get the conclusion. □ 

Let c„ = 1 — (1/2)", n — 0, 1,2, Suppose that q' 1 G (c„,c n+ i], n > 1. 

Put r = q/{2 - g). Then (2r) _1 = q- 1 - 1/2, r" 1 G (c„_i,c„]. For n > 1, we 
consider the following: 

Assertion A(n). Theorem 5 for T and Proposition 1 (2) hold when q^ 1 G 

(Cn — 1 1 Cn] • 

Assuming Proposition 1 (2) when q^ 1 G (c ra _i, c n ], we prove ^4(n + 1) (n > 
1). This will prove Theorem 5 for T and Proposition 1 (2) when 1 < q < 2, 
since we have already proved A(l). 

Suppose that q~ x G (c n ,c„+i], u> G A p / q >, q' < p < oo. Then, (p/2)' < 
(q'/2)' = q/(2 — q) = r. Let F, ^ satisfy the assumptions of Proposition 
1. Since r- 1 G (cn-i.cj, p/<?' = (p/2)/r', -(p/2 - l)" 1 = 1 - (p/2)' and 
l^l 2 -"? G d r , w(|£| 2 -9,i) < Cuj(£,t) 2 - C ', \F\ 2 -i G £ r (L> ), by what we assume 
(A(n) for Proposition 1 (2)), M^, ^, is bounded on Lfa/ 2 )'^ - ^ 2-1 ) -1 ). 
By Lemmas 11 and 12, C/o- = U a (F,£) is bounded on L p (w 1_l5 ). From this, 
boundedness of [To- on L p (w) follows as before. This implies A(n + 1) for 
Theorem 5 (1) concerning T as in the case when q > 2. 

Suppose that 1 < p < q, w G .Ap// g /. Then, since q' < p', by a result 
in the previous paragraph, U a is bounded on V (w). We can see that the 
same is true for U*. By duality U a is bounded on L p {w 1 ~ p ). This implies 
the boundedness on L p (w 1 ~ p ) of T and Mp,t as in the case for q > 2. This 
finishes proving A(n + 1), and hence completes the proof of Theorem 5 for T 
and Proposition 1. 

Next, we prove Theorem 5 for T*. Let J7, h, p, q, w be as in Theorem 5 (1). 
By (15. ip . Lemma 10 and Theorem 5 for T, we have 

oo 

(6.11) P(/)|U < C\\M(Tf)\\ p , w + C\\Mf\\ p , w + CJ2 IIW)IU 

oo 

Since Nj(f) < CMM Ko , h (\f\), 

(6-12) ll^-^IU^CII/IU 

by Proposition 1. By (|5.3I) and (|5.6I) 

(6-13) ||^(/)|| P <C2-^||/|| P 
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for some e > 0. So, interpolating with change of measure between (|6.13|) and 
(|6.12p with w 1+T in place of w for sufficiently small r > 0, we have 

(6-14) \\Nj(f)\\ PtW <C2 



\p,w 



for some e > 0. Since T*(/) < CR{f) + CM Ko ,h(\f\), by (lOlll . (l6~14l and 
Proposition 1 we have the L p (w) boundedness of T*. This proves Theorem 5 
(1). Theorem 5 (2) can be proved similarly. 

7. Proof of Theorem 2 
We give a proof of Theorem 2 by applying Theorem 1. Define 
E m = {6 G S : 2" 1 - 1 < |ft(0)| < 2 m } 

for m = 2, 3, . . . and 

E x = {6 G £ : |ft(0)| < 2}. 
Let ft m = ft XBm - S(E)- 1 J Bm ft dS. Then / E ft m dS = 0, ft = £~ = , ft m . 

Fix p G (1, oo) and an appropriate function / with < 1. Write 

U(h, ft) = ||T/||p, where Tf = p.v. / * L, L(x) = h(r(x))n(x')r(x)-^ . Since 
h G A, we can write h = 53fc=i a khk, where {a^} and h k are as in the definition 
of the space A. Then, we decompose 

oo / oo m \ 

(7.1) feft = I a k h k VL m + a fc fo fc ft m J . 

m=l \fc=m+l fc=l / 

By the subadditivity of U and Theorem 1 we have 

Coo \ oo 

a k h k ,n m ) < akU{h k ,n m ) 
k =m+l J k =m+l 

oo 



<C y &ajfe||/lfc|| A v(i+k) ]]ftm||l+l/ft 



1+1/fc 
k— m+1 



<C ^ fcafe||ftro]|l+l/m < C||ftm||l+l/m, 
k=m-\-l 

since || £~2 r ^ 1 1 ^ C||^m||i+i/m if > wi. On the other hand, 

/in \ m 

(7.3) U ( ^ Ofc/i*, ft ro J < a kU (h k ,n m ) 

k=l 
m 

< C Y]a fc m||/l fe || A l/(l+ m )||ftm||l+l/m 

kTi 

m 

< C Qfcm||O m ||i + i/ w < Cm||ft m ||i + i/ m , 



\k=l / fe=l 



fc=l 
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since \\hk\\ «i/(i+m) < C||/ifc|| A i/(i+*o < C if k < m. 
Note that 

||O m || u <C2 m el{ u , l< W <oo, 
where e m = S(E m ). Using this and applying Young's inequality, we see that 

(7.4) J2 Hl^nlli+iAn < C £ m2 m C /(m+1) 

rn > 1 rn > 1 

< 2C ^ (m/(m + l))ra2 m ( 1+1 / m >e m + 2C ^ m2- m -7(m + 1) 

m > 1 rn > 1 

< C ^ m2 m e m + C <C f \Q(6)\ log(2 + |fi(0)|) d5(0) + C. 

m>l 

Theoerm 2 follows from (73), (72), (73) and (73). 

Remark 2. Let M a , a > 0, be the family of functions h on R + such that there 
exist a sequence {hk}^ =1 of functions on M + and a sequence {ak}^° =1 of non- 
negative real numbers satisfying h = J2kLi a khk, h k 6 d 1+1 / k , ||ftfe||d 1+1/fc < 1 
uniformly in k > 1 and 53feLi ^ afl fe < 00 • Then, the space Mi can be used to 
form kernels of singular integrals with a minimum size condition that allows 
us to get L p boundedness of singular integrals defined by the kernels from 
results of (see [H]). 
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